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Abstract. Let ` and p be distinct primes, n a positive integer, F` an `-adic
local field of characteristic 0, and let W (k) denote the ring of Witt vectors
over an algebraically closed field of characteristic p. Work of Emerton-Helm,
Helm and Helm-Moss defines and constructs a smooth A[GLn(F`)]-module
p˜i(ρA) for a continuous Galois representation ρA : GF` → GLn(A) over a
p-torsionfree reduced complete local W (k)-algebra A interpolating the local
Langlands correspondence. However, since p˜i is not a functor, there is no clear
way to speak about the local Langlands correspondence over non-reduced or
finite characteristic W (k)-algebras. We describe two natural and reasonable
variants of the local Langlands correspondence with arbitrary complete local
W (k)-algebras as coefficients. They are isomorphic when evaluated on the
universal framed deformation of a Galois representation ρ over k, and more
generally we find a surjection in one direction. In many cases, including n = 2
or 3, they both recover p˜i(ρ) when ρ has coefficients in a finite extension of
W (k)[p−1]. On the Galois side, this requires finding minimal lifts between
Galois deformations.
1. Introduction
We first fix some notation and conventions. Let `, p be distinct prime numbers.
Let k be an algebraically closed field of characteristic p. We write W (k) for the
ring of Witt vectors of k, and let K be the category of fields that are algebras over
W (k).
Let F` be a mixed characteristic local field of residue characteristic `, and n ∈ N.
We work with the group G` := GLn(F`).
In this paper, we consider smooth representations of an `-adic group with coeffi-
cients over p-adic rings – this means that the role of the primes ` and p is opposite
to most of our references, but matches [EH14], which is our most frequent reference.
We fix throughout a continuous Galois representation ρ : GF` → GLn(k). This
ρ corresponds to some factor A[L,pi] of the integral Bernstein centre by [Hel16b] (we
recall the precise relationship in section 2).
Let (Rρ , ρ
) respectively be the universal framed deformation ring attached to
ρ and the universal framed representation. Note that under our hypotheses, Rρ is
reduced and flat over W (k) [Hel16a, Corollary 8.3].
Conventions. We will usually omit saying ’G`-equivariant’ when discussing
morphisms between smooth G`-representations, including R[G`]-modules for any
ring R. For a ring R and a prime ideal p ≤ R corresponding to a point x ∈ SpecR,
we use the notation
κ(x) = κ(p) = Frac(R/p).
Furthermore, κ+(x) = κ+(p) denotes the integral closure of R/p inside κ(x). How-
ever, in this paper, we only choose to use the κ+ notation when R/p is a discrete
valuation ring, and so κ+(p) = R/p which we often use implicitly.
To improve the appearance and readability of the paper, we will use ⊗ with no
indication of the ring to mean ⊗Rρ .
1
ar
X
iv
:1
81
2.
04
20
8v
1 
 [m
ath
.N
T]
  1
1 D
ec
 20
18
2 TIBOR BACKHAUSZ
1.1. Motivation. Let R be a Noetherian and flat complete reduced local W (k)-
algebra R, and consider a continuous representation ρ : GF` → GLn(R), or equi-
valently, a morphism of W (k)-algebras Rρ → R satisfying ρ = ρ ⊗R.
For all such rings R, the paper [EH14] due to Emerton and Helm defined (but
did yet not show the existence of) a unique smooth R[G`]-module p˜i(ρ), which
is R-torsionfree and matches a form of the local Langlands correspondence after
localisation at each minimal prime of R. Since a continuous representation ρ :
GF` → GLn(R) can be viewed as the family of representations of the form ρ⊗Rκ(x)
for x ∈ SpecR, this is called the local Langlands correspondence in families for GLn.
One motivation for the study of this correspondence is global, in particular it is
applicable to completed cohomology, as in [Eme11] or [Sor16].
p˜i(ρ) satisfies the important technical property of being co-Whittaker as defined
in [Hel16b], and recalled in Definition 2.2.2 below. The structure theory of co-
Whittaker modules is relatively simple. In particular, for a complete local W (k)-
algebra R, the full subcategory of smooth R[G`]-modules that are co-Whittaker over
some quotient of R can be thought of as a partially ordered set with the relation
admits a surjection to as the ordering, without forgetting too much information.
The connection of p˜i to the more usual variants of the local Langlands corres-
pondence is that p˜i(ρ) is the smooth dual of the Breuil-Schneider modification of
the local Langlands correspondence if ρ is defined over an algebraically closed field
of characteristic 0.
The module p˜i(ρ ⊗ R) can behave in subtle ways when changing R, i.e. its
dependence on the homomorphism Rρ → R is not functorial. A recurring pattern
when dealing with p˜i is that torsion-freeness is not a very stable property, especially
over rings containing zero divisors. Moreover, by definition p˜i does not distinguish
between Galois representations that are isomorphic at all minimal primes of R. This
makes it unclear how to extend the construction to non-reduced or non-flat R.
1.2. Two variants. We describe two different constructions that have some merits
to be called a version of the local Langlands correspondence over a much wider class
of W (k)-algebras. They both assign co-Whittaker representations to a continuous
Galois representations ρ : GF` → GLn(R) where R is a complete local W (k)-
algebra.
The top-down approach. An approach originally considered by the authors of [EH14]
was1 to designate
p˜i(ρ)⊗R
as the representation attached to ρ = ρ ⊗R for any W (k)-algebra. This relies on
the existence of p˜i(ρ) which was not proven at the time of [EH14]. By now, p˜i(ρ)
is known to exist due to recent work of Helm and Moss [HM16]. It is worthwhile to
note that the actual construction of p˜i (given the main result of [HM16]) is found
in [Hel16b].
An advantage of this approach is that, considering the category of pairs (R,α :
Rρ → R) where R is a complete W (k)-algebra and α is an algebra homomorphism,
(R,α) 7→ p˜i(ρ)⊗α R
defines a functor to the category W (k)[G`]-modules, and the resulting representa-
tion is co-Whittaker over R (Lemma 2.2.3).
The problem with the approach is that, at present, we cannot show that it
recovers the direct definition of the local Langlands correspondence when A is a
field. In other words, the following is conjectural in general.
1according to personal communication
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Conjecture 1.2.1. Let p ∈ SpecRρ be a prime ideal not containing p. Then
p˜i(ρ)⊗Rρ κ(p) ∼= p˜i(ρ
 ⊗Rρ κ(p))
where κ(p) is the fraction field of Rρ /p.
One of the main results of this paper is one direction of this conjecture, relying
on [EH14, Proposition 6.2.10] and the existence of minimal lifts on SpecRρ [p
−1]
shown in Theorem 3.4.8 which we prove in section 3.
Theorem 1.2.2. Let B be a flat reduced Noetherian complete local W (k)-algebra
equipped with a local homomorphism Rρ → B. Then there exists a natural G`-
equivariant surjection
p˜i(ρ)⊗Rρ B → p˜i(ρ
 ⊗Rρ B).
Proof. Theorem 3.4.8 shows that the minimal lift assumptions of [EH14, Proposi-
tion 6.2.10] hold for the map Rρ → B. 
One surjection in Conjecture 1.2.1 then follows by applying the Theorem to
Rρ /p and then passing to the fraction field. Note that the here, the contribution
of the present paper is purely on the Galois side, through Theorem 3.4.8, which
might be of independent interest.
The bottom-up approach. Based on the semi-simple local Langlands correspondence
due to Vigne´ras [Vig01] for an algebraically closed coefficient field k of characteristic
p, Emerton and Helm in [EH14] defined a slightly modified correspondence ρk 7→
pi(ρk) for a continuous representation ρk : GF` → GLn(k), where k is a finite
field of characteristic p. Its smooth k-dual p˜i(ρk) is the universal co-Whittaker
representation over k admitting a surjection to all representations of the form ρO⊗O
k where O is a characteristic 0 discrete valuation ring with residue field k, and
ρO : GF` → GLn(k) is a continuous representation satisfying ρO ⊗O k ∼= ρk.
We clarify what we mean by the word universal.
Definition 1.2.3. Let R be a W (k)-algebra, and let (Mi)i∈I be a collection of
R[G`]-modules. We say that M is a co-Whittaker cover of (Mi)i∈I , if it is a co-
Whittaker representation of G` over a quotient of R, and admits a surjection fi to
all representations Mi. It is the universal co-Whittaker cover if any co-Whittaker
cover (M ′, (f ′i)i∈I) of (Mi)i∈I admits a surjection to M through which the f
′
i all
factor.
Let QDVRk denote the full subcategory of all W (k)-algebras which admit a
(non-identity) quotient map from a discrete valuation ring with residue field k.
Any S ∈ QDVRk is Artinian, local, and each of its ideals is of the form ($)j where
j ∈ N and $ is any element of the maximal ideal mS not contained in m2S if S 6= k
is not a field, or $ = 0 if S = k. We call any such element $ a uniformiser of S, as
it can be lifted to a uniformiser of any discrete valuation ring admitting a surjection
to S.
For any S ∈ QDVRk, let DVRS denote the set of isomorphism classes of com-
plete discrete valuation rings S˜ of characteristic 0 admitting a surjection to S.
Analogously to the definition of p˜i above, we set
Definition 1.2.4. Let S ∈ QDVRk and let ρ : GF` → GLn(S) be a continuous
representation. We define p˜iDVR(ρ) to be the universal co-Whittaker cover of
(p˜i(ρS˜)⊗S˜ S)S˜∈DVRS .
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Note that p˜iDVR(ρ⊗R k) = p˜i(ρ).
We wish to extend this definition to the class of all Noetherian complete local
W (k)-algebras R, relying on the following lemma, proved later, which uses [Hel16b,
Theorem 6.3].
Lemma 1.2.5. Let R be a Noetherian W (k)-algebra, and let (Mi)i∈I be a collection
of R[G`]-modules, such that each is co-Whittaker over some quotient of R. Assume
moreover that the action of the integral Bernstein center on each Mi factor through
the same direct summand. Then there exists a universal co-Whittaker cover of
(Mi)i∈I .
This Lemma involves quotient maps between rings, so we need to adjoin a power
series variable to obtain quotient maps from non-surjective maps by the following
observation for a W (k)-algebra R. For S ∈ QDVRk, any local W (k)-algebra homo-
morphism α : R → S extends to a map β : R[[u]] → S sending u to a uniformiser.
Any β of this form is surjective.
Definition 1.2.6. For a Noetherian complete local W (k)-algebra R with residue
field k and ρ : GF` → GLn(R), we define
Π˜DVR,u(ρ)
to be the universal co-Whittaker cover (over R[[u]]) of the collection
(
p˜iDVR(ρ⊗β S)
)
β
where β ranges over quotient maps β : R[[u]] → S sending u to a uniformiser of
some S ∈ QDVRk.
To get a co-Whittaker representation over a quotient of R (as opposed to over a
quotient of R[[u]]), we designate
Π˜DVR(ρ) := Π˜DVR,u(ρ)/uΠ˜DVR,u(ρ)
as the bottom-up version of the local Langlands correspondence for GLn.
The definition is well-behaved when passing to a quotient ring. If R → R′ is a
surjective homomorphism of Noetherian complete local W (k)-algebras, then for any
S ∈ QDVRk, the set of quotient maps from R[[u]] to S taking u to a uniformiser
is (by restriction) naturally a subset of such maps from R′[[u]] → S. Therefore by
the universal co-Whittaker cover property, there is a surjection
Π˜DVR,u(ρ)→ Π˜DVR,u(ρ⊗R R′)
in this situation.
In particular, if ρ is defined over some R ∈ QDVRk with a uniformiser $ then
Π˜DVR(ρ) is the universal co-Whittaker representation for the collection
p˜iDVR(ρ⊗R k), p˜iDVR(ρ⊗R R/($2)), . . . , p˜iDVR(ρ).
1.3. Comparison of the two approaches. Both definitions seem natural, with
p˜i(ρ) ⊗ − being a priori better behaved with change of rings, and Π˜DVR being
easier to compute for explicitly given ρ. Therefore understanding their relationship
precisely would be a substantial step towards defining a well-behaved local Lang-
lands correspondence with arbitrary complete local W (k)-algebras as coefficient
rings. Our other main result is a step in this direction.
Theorem 1.3.1. There exists an isomorphism
p˜i(ρ) ∼−→ Π˜DVR(ρ),
and therefore a surjection p˜i(ρ)⊗Rρ R→ Π˜
DVR(ρ ⊗Rρ R) for any quotient ring
R of Rρ .
Proof. This is the conjunction of Theorem 4.3.1 and Proposition 2.4.2 
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Given stronger assumptions, we can even show that Π˜DVR recovers the original
definition for the field of fractions of a Krull dimension 1, characteristic 0 quotient
of Rρ .
Theorem 1.3.2. Let p ∈ SpecRρ [p−1] be such that Rρ /p is of Krull dimension
1. If the surjection p˜i(ρ)⊗ κ(p)→ p˜i(ρ ⊗ κ(p)) is an isomorphism, then
Π˜DVR(ρ ⊗Rρ /p)⊗ κ(p) ∼= p˜i(ρ ⊗ κ(p)).
See proof at end of section 4. 
Note that Theorem 4.1.1 shows that in many cases, the assumption holds, in
particular if n = 2 or n = 3.
In particular, if ρ : GF` → GLn(O) where O is the ring of integers of some
finite extension of W (k)[p−1], then the associated homomorphism of W (k)-algebras
Rρ → O has kernel p ∈ SpecRρ [p−1] with Rρ /p of Krull dimension 1. If the
isomorphism condition holds as well, then we deduce that
Π˜DVR(ρ)[p−1] ∼= p˜i(ρ)[p−1],
hence in this case both the top-down and bottom-up approaches recover the Emerton-
Helm variant of the local Langlands correspondence for ρ of this form.
1.4. Outline of the paper. In section 2, we discuss the technical tools needed in
the rest of the paper, starting with the necessary commutative algebra to obtain
a sufficiently large set of surjections from Rρ [[u]] to discrete valuation rings in the
sense that the set of points of SpecRρ corresponding to their kernels is Zariski
dense. We continue by recalling the theory of co-Whittaker modules from [Hel16b],
building up to prove Lemma 1.2.5. We then proceed to relate Π˜DVR(ρ) to the
ring Rρ [[u]].
Section 3 contains all the Galois theory in the present work, and is dedicated
to proving Theorem 3.4.8. We review the necessary Galois deformation theory,
including a decomposition based on p-wild inertia due to [CHT08], as well as the
language of pseudo-framed representations from [Hel16a]. The claim we need is
similar in spirit to the result of section 2.4.4 of [CHT08] saying that the ’minimally
ramified’ deformation condition is liftable. However, we wish to find minimal lifts
to an irreducible component (in the sense of [EH14]) of Galois representations that
might not be themselves ’minimally ramified’ (compared with the fixed residue
representation) in the language of [CHT08]. We combine these ideas with the
well-known correspondence between conjugacy classes of nilpotent matrices and
partitions of integers, which induces a relationship between Zariski closure and the
dominance order on partitions.
The final section is dedicated to proving the isomorphism in Theorem 1.3.1 and
Theorem 1.3.2. In both cases, we establish surjections in both directions.
1.5. Related work and further directions. The (preprint) [Dis18] by Disegni
gives a geometric treatment of p˜i (there denoted simply by pi) with a very slightly
different formalism, over K-schemes for any characteristic 0 field K, starting from
Weil-Deligne representations instead of Galois representations, and goes on to apply
the construction to the theory of L-functions.
One reason for distinguishing discrete valuation rings as coefficient rings is be-
cause, for a smooth representation of a pro-finite group over a discretely valued
field, much is already known about the reduction to the residue field by finding
an invariant lattice and reducing it, and taking the semi-simplification (which is
independent of the choice of lattice) of the resulting representation. In particular,
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in the context of inertial types for GLn, Shotton [Sho18] proves the ` 6= p Breuil–
Me´zard conjecture for (in our notation) p > 2, meaning that the reduction in this
sense commutes with the reduction of irreducible components of Rρ . This may be
used to determine the modulo p inertial types appearing in Π˜DVR.
Acknowledgements. The author would like to thank David Helm for many helpful
discussions that influenced the development of this paper, most importantly for
suggesting that Π˜ρ/uΠ˜ρ might in fact be equal to p˜i(ρ
), which became a crucial
result of this work. I would also like to thank Kevin Buzzard for asking the question
which resulted in this paper as well as helpful discussions throughout its develop-
ment. This work was supported by the Engineering and Physical Sciences Research
Council [EP/L015234/1], through the EPSRC Centre for Doctoral Training in Geo-
metry and Number Theory (The London School of Geometry and Number Theory),
University College London.
2. Definitions and first properties
2.1. Maps onto discrete valuation rings. In this subsection we show that we
have sufficiently many surjections from Rρ [[u]] to discrete valuation rings of char-
acteristic 0.
Lemma 2.1.1. Let (R,mR) be a complete Noetherian local ring which is flat over
Zp, and assume that R/mR is algebraically closed of characteristic p. Then the set
of primes p of R[[u]] such that R[[u]]/p is a characteristic 0 discrete valuation ring
uniformised by the image of u is a Zariski dense subset of SpecR[[u]].
Proof. Denote the set in question by in P and its Zariski closure by P . We first
establish that the set P0 of p0 ∈ SpecR such that R/p0 is a characteristic 0 ring
of Krull dimension 1 is Zariski dense in SpecR. To see this, note that SpecR[p−1]
is a Jacobson scheme (using [Sta18, Tag 01P4 and Tag 02IM] and noting that
SpecR[p−1] is an open subscheme of SpecR \mR) i.e. its closed points are Zariski
dense: its closed points are precisely P0. Our flatness assumption guarantees that
SpecR[p−1] is dense in SpecR.
For any p0 ∈ P0, the fibre φ−1(p0) of φ : SpecR[[u]]→ SpecR at p0 is Spec(R/p0[[u]]).
By Weierstrass preparation (using that R/p0 is a complete local ring), any infinite
subset of φ−1(p0) is Zariski dense in the whole fibre.
For fixed p0, consider the integral closure κ
+(p0) of R/p0 in κ(p0), this is a
complete discrete valuation ring which is finite over W (R/mR) by Lemma 2.1.2.
Since R/mR is assumed to algebraically closed, κ
+(p0) is a totally ramified ex-
tension of the discrete valuation ring W (R/mR). Therefore any uniformiser $ of
κ+(p0) generates it as an algebra over W (R/mR). It also generates κ
+(p0) over R
which must contain W (R/mR) by part (a) of Lemma 2.1.2.
For any such $, there is a unique extension of R→ κ+(p0) to a ring morphism
R[[u]] → κ+(p0) sending u to $. This is surjective by the preceding discussion,
and hence its kernel belongs to P. Fixing p0, the kernels obtained in this way for
uniformisers $,$′ are the same if and only if there is an R-algebra automorphism
of κ+(p0) sending $ to $
′. This automorphism group is finite by part (b) of Lemma
2.1.2.
Noting that there are infinitely many choices for $ as κ+(p0)
× is infinite, this
construction yields infinitely many points of P on the given fibre φ−1(p0), hence P
contains all the fibres above P0. If φ denotes the projection SpecR[[u]] → SpecR,
P therefore intersects all sets U ⊆ SpecR[[u]] satisfying φ(U) ∩ P0 6= ∅. Noting
that φ is open and P0 is dense shows that P ∩ U 6= ∅ if U is open. 
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Lemma 2.1.2. Let (R,mR) be a complete Noetherian local domain which is flat
over Zp, and assume that R/mR is perfect of characteristic p. Then
(a) R contains a copy of the ring of Witt vectors W (R/mR).
(b) If moreover R is an integral domain and has Krull dimension 1 then the
integral closure of R in Frac(R) is finite over W (R/mR).
Proof. (a) By Cohen’s structure theorem [Sta18, Tag 032A], R is of the form
S[[T1, . . . , Tm]]/I where S is a complete discrete valuation ring with residue field
R/mR and uniformiser p, m ∈ N and I is an ideal. We deduce p 6∈ I by the
Zp-flatness of R, and so the restriction S → R is injective.
SinceR/mR is perfect, by the theory of Witt vectors we must have S ∼= W (R/mR)
[Bou06, Ch. IX, §4, Proposition 6].
(b) Using the finiteness of integral closure for complete Noetherian domains
[HS06, Theorem 4.3.4], and by the transitivity of finiteness, it is sufficient to prove
that R is finite over W (R/mR). Since R is flat over Zp, it is also flat over W (R/mR)
(which is uniformised by p) and therefore we have
dimR/pR = dimR− dimW (R/mR) = 0
and so R/pR is an Artinian ring. Then it is also of finite length over itself and thus
R. In particular, it has a Jordan-Ho¨lder decomposition over R with all components
isomorphic to R/mR, which is (trivially) finitely generated over W (R/mR). The
finiteness of R overW (R/mR) now follows from Nakayama’s lemma for the complete
local ring W (R/mR). 
2.2. The integral Bernstein-Zelevinsky derivative and co-Whittaker rep-
resentations. In this subsection we recall some theory we need from [Hel16b] and
[EH14] to construct universal co-Whittaker covers.
Let−(n) be the nth derivative functor defined in [EH14], taking smoothW (k)[G`]-
modules to W (k)-modules. We recall some of its properties as follows.
Proposition 2.2.1. −(n) satisfies the following:
(D1) −(n) is exact and W (k)-linear
(D2)
(
M ⊗W (k) N
)(n)
= M (n)⊗W (k)N for all smooth W (k)[G`]-modules N and
M,
(D3) −(n) admits a left adjoint.
For each K ∈ K, we say that a smooth K[G`]-module M is generic if M (n) 6= 0.
Note that for all k1, k2 ∈ K with an embedding ι : k1 → k2, and a generic M , the
tensor product M ⊗ι k2 is generic by (D2).
The following definition appears originally in [EH14] as the property essentially
AIG. For all K ∈ K, we say that M belongs to eG(K) if
(eG1) M is of finite length as a smooth K[G`]-module,
(eG2) socM is absolutely irreducible and generic,
(eG3) The map (socM)
(n) →M (n) induced by inclusion is an isomorphism, equi-
valently, M/socM contains no generic subquotient.
The only difference from [Hel16b, Defintion 3.3] is the finite length requirement,
which is in fact always satisfied by [Hel16b, Corollary 5.5].
If M ∈ eG(K) then its socle is irreducible, hence it matches the socle of any non-
trivial K[G`]-submodule. Hence eG(K) is closed with respect to taking submodules.
For an arbitrary K[G`]-module, let −sm denote its smooth vectors. By the
smoothK-dual of a smoothK[G`]-module, we mean theK[G`]-module HomK(M,K)
sm
(where HomK(M,K) is equipped with the contragredient G`-action). Since G` sat-
isfies Condition 2.1.3 of [EH14], −sm is an exact functor, and so smooth duality is
also exact.
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We write eG∨(K) for the class of W (k)[G`]-modules which are smooth K-dual
to a W (k)[G`]-module in eG(K). Dually, a quotient of a representation in eG∨(K)
is also in eG∨(K).
The following is the definition of co-Whittaker representations in [Hel16b].
Definition 2.2.2. Let A be a Noetherian W (k)-algebra. We call a smooth A[G`]-
module M co-Whittaker over A if
(1) M is admissible over A,
(2) M (n) is free of rank 1 over A, and
(3) if p is a prime ideal of A then M ⊗ κ(p) ∈ eG∨(κ(p)).
The paper [Hel16b] assigns to our fixed Galois representation ρ a block RepW (k)(G`)[L,pi]
of the category of smooth representations RepW (k)(G`), consisting of representa-
tions all of whose subquotients have mod p inertial supercuspidal support given by
the pair [L, pi]. The Bernstein centre of this block (the ring of natural transform-
ations Id ⇒ Id on this full subcategory) is a W (k)-algebra denoted A[L,pi], which
acts on all objects of RepW (k)(G`)[L,pi] by definition. The connection between ρ and
A[L,pi] is that [Hel16b, Conjecture 7.5], proved in [HM16] by Helm-Moss provides a
map of rings
LL : A[L,pi] → Rρ
such that A[L,pi], interpreted as a direct summand of the Bernstein centre, acts on
p˜i(ρ ⊗ κ(x)) through LL for all x ∈ SpecRρ .
Moreover [Hel16b] shows the existence of a projective co-Whittaker A[L,pi][G`]-
module W[L,pi], which has a certain universal property [Hel16b, Theorem 6.3] which
we reformulate slightly as follows.
Lemma 2.2.3. Let R be a Noetherian W (k)-algebra, and let M ∈ RepR(G`)[L,pi].
Then M is co-Whittaker over a quotient of R if and only if there exists a surjection
W[L,pi] ⊗A[L,pi] R→M.
Any such M is co-Whittaker over R/annR(M
(n)).
Proof. Assume that M is co-Whittaker over some quotient S or R. Then [Hel16b,
Theorem 6.3] yields a surjection to M from W[L,pi]⊗A[L,pi]S, to which W[L,pi]⊗A[L,pi]R
surjects by taking the quotient map on the second factor.
For the converse, let W[L,pi] ⊗A[L,pi] R→M be a surjection. Then M is admissible
over R by being a quotient of an admissible representation. By the exactness of
−(n), M (n) is cyclic over R hence isomorphic to S := R/annR(M (n)). Finally, for
any p ∈ SpecS we have maps R→ S → κ(p) and so a surjection W[L,pi]⊗A[L,pi]R⊗R
κ(p)→M ⊗ κ(p). W[L,pi] ⊗A[L,pi] κ(p) is co-Whittaker over R by [Hel16b, Theorem
6.3], M⊗κ(p) is a quotient of an element of eG∨(κ(p)), which is closed with respect
to quotients. 
We can immediately deduce that the class ofR[G`]-modules that are co-Whittaker
over a quotient ring of R is closed with respect to taking quotients, as well as the
following
Lemma 2.2.4. Let A → B be a map of Noetherian W (k)-algebras. If M is co-
Whittaker over A then M ⊗A B is co-Whittaker over B.
The following two lemmas point out that surjections between R[G`]-modules
that are co-Whittaker over a quotient ring of R have rather simple behavior.
Lemma 2.2.5. Let R be a complete local W (k)-algebra. Let M,N be co-Whittaker
representation of G` over quotients of R. Then any two surjections in HomR[G`](M,N)
are multiples of each other (by elements of R×.)
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Proof. Let f, g ∈ HomR[G`](M,N). Since HomR(M (n), N (n)) is cyclic, we can as-
sume without loss of generality that g(n) = x · f (n) for some x ∈ R. Consider the
morphism g − x · f. Its image must have −(n) = 0, and therefore be trivial (since
M has no non-trivial quotient with −(n) = 0). Then g = x · f . If f, g are both
surjections, then x cannot be contained in the maximal ideal mR as N 6= mRN
since N is mR-adically separated by being admissible over R. 
Lemma 2.2.6. Let R be a complete local W (k)-algebra. Let f1 : M → M1 and
f2 : M → M2 be quotients of a co-Whittaker R[G`]-module M . If there exists
any surjection j : M1 → M2 then the quotient map f2 : M → M2 factors as
M
f1−→M1 j−→M2.
Proof. Note that M1 and M2 are co-Whittaker over some quotient of R by Lemma
2.2.3. Then by Lemma 2.2.5, we have
(j ◦ f1) = r · f2
for some r ∈ R×. Hence f2 factors as j ◦ (r−1 · f1). 
In the special case when M1 ∼= M2 we obtain
Corollary 2.2.7. Let R be a complete local W (k)-algebra, M be a co-Whittaker
R[G`]-module, and let N be a quotient of M. Then ker f is independent of the choice
of a quotient map f : M → N.
We can now prove Lemma 1.2.5.
Lemma. Let R be a Noetherian W (k)-algebra, and let (Mi)i∈I be a collection of
R[G`]-modules, such that each is co-Whittaker over some quotient of R belonging
to QDVRk. Assume moreover that the action of the integral Bernstein center on
each Mi factor through the same direct summand. Then there exists a universal
co-Whittaker cover of (Mi)i∈I .
Proof. Without loss of generality we assume that Mi ∈ RepR(G`)[L,pi] for all i ∈ I.
By Lemma 2.2.3, we can choose surjections βi : W[L,pi]⊗A[L,pi]R→Mi. By Corollary
2.2.7,
M :=
(
W[L,pi] ⊗A[L,pi] R
)
/
⋂
i∈I
kerβi
is independent of the choice of the βi. If M
′ is co-Whittaker over some quotient of
R and admits surjections to all Mi, then we have maps
W[L,pi] ⊗A[L,pi] R→M ′ →
∏
i∈I
Mi
by Lemma 2.2.3. However, the image of W[L,pi] ⊗A[L,pi] R under the composite
map must be isomorphic to
(
W[L,pi] ⊗A[L,pi] R
)
/
⋂
i∈I kerβ
′
i for some other choice
of surjections β′i : W[L,pi] ⊗A[L,pi] R→Mi, and so isomorphic to M. This shows the
universal property for M . 
2.3. The Langlands correspondence in families. We will work with theRρ [[u]][G`]-
module W, which we define to be
W[L,pi] ⊗A[L,pi] Rρ [[u]].
It is co-Whittaker by [Hel16b, Theorem 6.3]. Moreover, it is projective overRρ [[u]][G`]
since W[L,pi] is projective over A[L,pi][G`].
Notation. We will write A := Rρ [[u]] for brevity throughout the rest of the paper.
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Definition 2.3.1. Let P be the set of points x of A = SpecRρ [[u]] with corres-
ponding prime ideal px such that A/px is a discrete valuation ring of characteristic
0 and the image of u in the quotient is a uniformiser.
Lemma 2.1.1 shows that P is Zariski dense.
For x ∈ Spec(A) and corresponding a (framed) deformation ρx : GE → GLn(A/px)
given by ρx = ρ
⊗AA/px, [EH14] assigns a representation p˜i(ρx) (independently of
the framing) which is torsion-free and co-Whittaker [Hel16b]. In particular, it is ad-
missible over A/px, and satisfies p˜i(ρx)⊗A/pxFrac(A/px) ∼= p˜i(ρx⊗A/pxFrac(A/px)),
and it is the unique such (A/px)[G`]-module up to isomorphism. We will often use
this uniqueness property.
If x ∈ P then Rρ [[u]]/px = κ+(x), in particular, any uniformiser of the discrete
valuation ring κ+(x) lifts to Rρ [[u]].
Proposition 2.3.2. For all x ∈ P,
(a) There is a surjection W ⊗A κ(x)→ p˜i(ρ ⊗A κ+(x))⊗A κ(x)
(b) If M is co-Whittaker over A and admits a surjection M ⊗A κ(x)→ p˜i(ρ⊗A
κ+(x))⊗A κ(x) then there exists a surjection M → p˜i(ρ⊗A κ+(x)) which is
unique up to a factor in κ+(x)×.
Proof. (a) Such a surjection is guaranteed to exist by [Hel16b, Proposition 5.4], and
is unique up to a factor in κ(x)× by [Hel16b, Proposition 6.2].
(b) Let β be any surjective map M ⊗A κ(x)→ p˜i(ρ ⊗A κ+(x))⊗A κ(x). Such a β
is guaranteed to exist by [Hel16b, Proposition 5.4], and is unique up to a factor in
κ(x)× by [Hel16b, Proposition 6.2]. Let$ be a lift of a uniformiser of κ+(x) toA. By
the co-Whittaker property, β(n) : M (n) → (p˜i(ρ ⊗A κ+(x))⊗A κ(x))(n) is a sur-
jective map between the free modulesA⊗Aκ(x)→ κ(x).We have (M ⊗A κ+(x))(n) ∼=
κ+(x), so$dβ for some unique d ∈ Z is such that−(n)◦β restricted toM⊗Aκ+(x) ⊆
κ(x) surjects to κ+(x). Using that the cosocle of p˜i(ρ ⊗A κ+(x)) has −(n) 6= 0,
surjectivity of −(n) ◦$dβ|M to κ+(x) is equivalent to the surjectivity of $dβ|M to
p˜i(ρ⊗A κ+(x)) by the argument found at the end of the proof of [Hel16b, Propos-
ition 5.4]. We conclude that $dβ|W is surjective to p˜i(ρ⊗A κ+(x)). The decompos-
ition κ(x)× = $Z × κ+(x)× shows uniqueness up to the claimed factor. 
2.4. Definition of Π˜ρ.
Definition 2.4.1. Choose a family of surjections (βx)x∈P as in Proposition 2.3.2.
Let
Π˜ρ := im
(
W
∏
βx−−−→
∏
x∈P
p˜i(ρ ⊗ κ+(x))
)
be the image of the product of these maps considered as an A[G`]-module.
We claim that this image is well-defined up to isomorphism as an A[G`]-module.
Indeed,
Π˜ρ = W
/
⋂
x∈P
kerβx
and kerβx only depends on x by Proposition 2.3.2.
Proposition 2.4.2. Π˜ρ = Π˜
DVR,u(ρ).
Proof. By the transitivity of universal co-Whittaker covers, Π˜DVR,u(ρ) is the uni-
versal co-Whittaker cover of all the representations
p˜i(ρ)⊗S˜ S
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where S ∈ QDVRk is a quotient of A sending u to a uniformiser of S and ρ :
GF` → GLn(S˜) is a lift of ρ⊗S to the characteristic 0 discrete valuation ring S˜ ∈
DVRS . Since R

ρ is a deformation ring, for any such data there is a homomorphism
α : Rρ → S˜ such that ρ ∼= ρ ⊗ S˜. Lifting the image of u in S to a uniformiser
in S˜, we obtain a homomorphism α′ : A → S˜ sending u to a uniformiser. These
are canonically in bijection with the set P. Conversely, for any p ∈ P we can set
S˜ = κ+(p), ρ = ρ ⊗ κ+(p) and S = κ+(p)/(uj) for any j ∈ N.
Therefore a co-Whittaker cover of all the p˜i(ρ)⊗S˜ S is equivalent to a co-Whittaker
cover of (
p˜i(ρ ⊗ κ+(p))
)
p∈P
.
Now we recognise that the definition of Π˜ρ is precisely the construction of the
universal co-Whittaker cover over A given in Lemma 1.2.5 for this set of represent-
ations. 
Proposition 2.4.3. Π˜ρ is a co-Whittaker A[G`]-module.
Proof. By Lemma 2.2.3, it is sufficient to prove that Π˜
(n)
ρ is a faithful module over
A. (It is then also free of rank 1.) Indeed, by the exactness of −(n), we have(
Π˜ρ
)(n)
=
(
W
)(n)
/
(⋂
x∈P
kerβx
)(n)
=
(
W
)(n)
/
⋂
x∈P
kerβx
(n) = A/
⋂
x∈P
px = A
where we have also used that −(n) preserves filtered limits (by being a right adjoint),
and that P is Zariski dense. 
2.5. Lower bounds on Π˜ρ.
Lemma 2.5.1. Let SpecS → SpecA be a closed embedding of schemes, and assume
that there is a set P1,S ⊆ P ∩ SpecS which is Zariski dense in SpecS and for each
p ∈ P1,S ,
p˜i(ρ ⊗ S)⊗S S/p ∼= p˜i(ρ ⊗ S/p).
Then we can choose maps W  p˜i(ρ ⊗ S) ↪→∏q∈P1,S p˜i(ρ ⊗ κ+(p))
Proof. We can choose a surjection W → p˜i(ρ ⊗ S) by noting that p˜i(ρ ⊗ S) is
co-Whittaker by its defining property, and applying [Hel16b, Theorem 6.3] (recall
that S is canonically an A[L,pi]-algebra through the maps A[L,pi]
LL−−→ Rρ → S.)
For the injection, note that we have maps
p˜i(ρ ⊗ S) ↪→
∏
p∈P1,S
p˜i(ρ ⊗ S)⊗S S/p ∼−→
∏
p∈P1,S
p˜i(ρ ⊗ S/p).
The first map is injective, since P1,S is Zariski dense and p˜i(ρ
⊗S) is S-torsionfree
by being co-Whittaker. The isomorphism follows by the assumption on P1,S . 
Proposition 2.5.2. Let SpecS → SpecA be a closed embedding such that
P1,S :=
{
p ∈ P ∩ SpecS : p˜i(ρ ⊗ S)⊗S S/p ∼= p˜i(ρ ⊗ S/p)
}
is Zariski dense inside SpecS. Then there is a surjection Π˜ρ → p˜i(ρ ⊗ S).
Proof. Using Lemma 2.5.1 to choose maps, we have the following diagram:
W
∏
x∈P p˜i(ρ
 ⊗ κ+(x))
p˜i(ρ ⊗ S) ∏x∈P1,S p˜i(ρ ⊗ κ+(x))
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where the right hand side arrow is the natural projection.
Choosing arbitrary surjections βx : W
 → p˜i(ρ ⊗ κ+(x)) for x ∈ P \ P1 allows
us to lift ι ◦ σ to a surjective map W → ∏x∈P p˜i(ρ ⊗ κ+(x)) that makes the
diagram commute. It has image isomorphic to Π˜ρ by definition of the latter. The
claim now follows from the injectivity of ι and the commutativity of the diagram
by comparing the images of W. 
3. The deformation ring and minimal lifts
3.1. Setup on the Galois side. We introduce some notation for, and recall some
facts about the Galois theory of F`. Its absolute Galois group GF` is a pro-finite
group. We have the inertia subgroup IF` ≤ GF` which is a normal subgroup with
quotient generated by the class of a Frobenius element φ. IF` has a topologically
cyclic pro-finite quotient isomorphic to (Ẑ,+), with corresponding kernel called
the wild inertia subgroup. Therefore there is a unique subgroup I
(p)
F`
≤ IF` with
quotient isomorphic to (Zp,+). Consequently, I(p)F` is also a normal subgroup of
GF` . We call representations factoring through GF`/I
(p)
F`
p-tame.
Choose topological generators (φ, σ) for the topological group GF`/I
(p)
F`
satisfying
φσφ−1 = σq where q is the cardinality of the residue field of F`. (Note that a
disadvantage of our notational choices is that here, q is a power of `, not of p.)
Definition 3.1.1. For an irreducible representation τ of the group I
(p)
F`
over k, we
define Gτ to be the stabiliser subgroup
{g ∈ GF` : g(τ) ∼= τ}
where g(τ) denotes the conjugate representation h 7→ τ(ghg−1) of I(p)F` over k.
Lemma 3.1.2 ([CHT08, Lemma 2.4.11]). τ lifts uniquely to a representation τ of
I
(p)
F`
with coefficients in W (k) Moreover, this τ extends (non-uniquely) to a repres-
entation of Gτ with coefficient in W (k).
Definition 3.1.3. We choose precisely one τ from each GF`-conjugacy class of
irreducible representations of I
(p)
F`
over k that appear as an irreducible k[I
(p)
F`
]-
subquotient of ρ, and collect them in a set T . According to the Lemma, we choose
an extension to Gτ of lift τ for each τ ∈ T and denote by T the set of our chosen
extensions τ to Gτ . Note that T is a finite set of cardinality at most dimk ρ.
For any τ ∈ T and a W (k)[GF` ]-module M, we have an action of Gτ/I(p)F` on
Hom
I
(p)
F`
(τ,M). By [CHT08, Lemma 2.4.12], we have
ρ ∼=
⊕
τ∈T
Ind
GF`
Gτ
(
Hom
W (k)[I
(p)
F`
]
(τ, ρ)⊗W (k) τ
)
for all W (k)[G`]-modules ρ such that all simple k[I
(p)
F`
]-subquotients of ρ are con-
tained in T .
3.2. Ramification and induction. In this subsection, let K be a characteristic
0 field of fractions of a complete Noetherian local integral W (k)-algebra (so that
[EH14, Proposition 4.1.6] applies). Note that κ(p) satisfies the requirements for
any p ∈ SpecRρ [p−1]. Fix some τ ∈ T.
Lemma 3.2.1. For each τ ∈ T, there is an open subgroup Uτ ≤ IF` such that
ResGU Ind
GF`
Gτ
ψ ⊗W (k) τ
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depends only on ResGτU∩Gτψ up to isomorphism for any (p-tame) representation
ψ : Gτ/I
(p)
F`
→ GLr(K) and open subgroup U ⊆ Uτ .
Proof. Note that Gτ is the absolute Galois group of some finite extension of F`,
so [EH14, Proposition 4.1.6] applies to it as well. In particular there is an open
subgroup U ≤ IF` and a nilpotent matrix Nτ ∈ Mr×r(K) such that τ(u) =
exp(tp(u)Nτ ) for all u ∈ U (which implies the same claim for all open subgroups of
U .)
Now let U be such an open subgroup, and let U0 be the projection of U to GF`/I
(p)
F`
.
Since IF`/I
(p)
F`
is a topologically cyclic pro-p group, U0 is the unique subgroup of
IF`/I
(p)
F`
of a given index, and so U0 is normal in GF`/I
(p)
F`
. Then ResGτU
(
ψ ⊗W (k) τ
)
factors through U0, and so we have
g(ψ ⊗W (k) τ |U ) = (ψ ⊗W (k) τ |U )χ(g) where we
use the notation g(ψ ⊗W (k) τ) = (u 7→ (ψ ⊗W (k) τ)(gug−1)), and χ : GF` → Zp× is
the unramified character sending the Frobenius to q. Using the double coset formula
for the restriction of an induced representation,
Res
GF`
U Ind
GF`
Gτ
(
ψ ⊗W (k) τ
)
=
⊕
UgGτ
IndUU∩gGτg−1
g(ψ ⊗W (k) τ) =⊕
UgGτ
IndUU∩gGτg−1 (ψ ⊗W (k) τ)χ(g).
By inspection, the last line depends only on the restriction of ψ ⊗W (k) τ to U, and
so setting our U as Uτ satisfies the claim. 
3.3. Partitions and unions of components. Continuing from the previous sub-
section, let K be a characteristic 0 field of fractions of a complete Noetherian local
integral W (k)-algebra (so that [EH14, Proposition 4.1.6] applies).
The following definition and its properties are well-known.
Definition 3.3.1. If N,N ′ ∈ Mn×n(K) are nilpotent matrices, we say N ≤ N ′ if
and only if
rk(N i) ≤ rk(N ′i)
for all i = 1 . . . n − 1. This relation only depends on N and N ′ up to conjugation
over K, and defines a partial order on K-conjugacy classes of nilpotent matrices.
Let µ be a partition of m ∈ N i.e. a non-increasing sequence of positive integers
µ1, . . . , µr summing to m. We extend µ into an infinite sequence by setting µi = 0 if
i > r for notational convenience. Our reference for facts about partitions is [Bry73].
For each partition µ and field K, there is a unique nilpotent n×n matrix Nµ(K)
in Jordan normal form such that µ1, . . . , µr are the length of its Jordan blocks from
left to right. We say that µ dominates a nilpotent matrix N ∈ Mm×m(K) and
write N ≤ µ if N ≤ Nµ(K).
Definition 3.3.2 (Dominance order on partitions). If µ, ν are partitions of an
integer m ∈ N, we say that µ ≤ ν if and only if
k∑
i=1
µi ≤
k∑
i=1
νi
for any integer k ≥ 1. We write Part(m) for this partially ordered set.
Note that any nilpotent m×m matrix over K is conjugate to some Nµ(K) over
K, (in fact, even over K) so µ 7→ [Nµ(K)] is an order-preserving bijection between
partitions of m and conjugacy classes of nilpotent matrices over K.
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Definition 3.3.3. If N is any nilpotent m×m matrix (resp. a conjugacy class of
matrices) over K, there is a unique partition ν of m such that N is conjugate to
(resp. contains) Nν(K) over K. We write ν(N) for this unique partition.
There is an order-reversing involution known as conjugation on partitions of m
given by µ 7→ µ> such that
µ>i = |{j ∈ {1, . . . , r} : µj ≥ i}|.
The following is well-known.
Lemma 3.3.4. If µ, ν are partitions of m, then
Nµ(K) ≤ Nν(K)⇔ µ ≤ ν.
Proof. Since rkN = m − dimK kerN for any m ×m matrix N, Nµ(K) ≤ Nν(K)
is equivalent to dimK kerNµ(K)
i ≥ dimK kerNν(K)i for all i ∈ N. However,
(dimK kerNµ(K)
i) − (dimK kerNµ(K)i−1) is the number of blocks of Nµ(K) of
length at least i (and similarly for ν), hence the claim is equivalent to µ> ≥ ν>
where −> denotes the conjugate partition. Since −> is an order-reversing involu-
tion on partitions of m, this implies the claim. 
The following is also well-known.
Proposition 3.3.5. For a partition µ of m, the N ≤ µ condition cuts out a Zariski
closed subset of the moduli space of m ×m matrices over K, which is the Zariski
closure of the closed points corresponding to matrices conjugate to Nµ(K) over K.
Using [EH14, Proposition 4.1.6], the following is well-defined.
Definition 3.3.6. Let U be any open subgroup of GF` , and let ρ : U → GLm(K) be
a continuous Galois representation, which extends to a continuous representation
of GF` . If we let (ρ
′, N) denote the Weil-Deligne representation attached to ρ, we
call the matrix N the monodromy of ρ. We write ν(ρ) for the partition ν(N) of
m. The conjugacy class of the monodromy of ρ and so ν(ρ) depend on ρ only up to
isomorphism, and do not change when restricting ρ to an open subgroup U ′ ⊆ U.
Lemma 3.3.7. For a representation ψ : Gτ/I
(p)
F`
→ GLr(K) with attached Weil-
Deligne representation (ψ′, Nψ), let Nψ,τ be such that (ρψ,τ , Nψ,τ ) is the Weil-
Deligne representation attached to Ind
GF`
Gτ
ψ ⊗W (k) τ. Then the conjugacy class of
Nψ,τ over K depends only on the conjugacy class of Nψ. Equivalently,
ν
(
Ind
GF`
Gτ
ψ ⊗W (k) τ
)
depends only ν(ψ). Moreover, this dependence is monotonic in the partial order ≤ .
Proof. Take Uτ as in Lemma 3.2.1. On one hand, ψ is p-tame and so Nψ determines
the entire representation ψ|Uτ (since it determine ψ on the whole of IF`). On the
other hand, the restriction to Uτ is sufficient to determine the monodromy part of
the Weil-Deligne representation.
To prove monotonicity, first note that (ψ⊗W (k) τ)x for x ∈ Z×p has the same mono-
dromy as ψ⊗W (k)τ, so using the double coset formula in Lemma 3.2.1, it is sufficient
to show that the monodromy of ψ ⊗W (k) τ depends monotonically on Nψ.
From the theory of Weil-Deligne representation we know that the monodromy at-
tached to ψ ⊗W (k) τ is Nψ ⊗ 1 + 1 ⊗ Nτ ∈ EndK(ψ ⊗W (k) τ) where Nτ is the
monodromy attached to K ⊗W (k) τ. Fix a basis for both ψ and τ . By conjuga-
tion over K, we may assume that Nψ and Nτ are both in Jordan normal form.
For a ∈ N, write Va (resp. Wa) for the space of matrices M in EndK(ψ) (resp.
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EndK(τ)) such that all coefficients apart from M0,a,M1,a+1, . . . ,Mdimψ−a,dimψ
(resp. M0,a, . . . ,Mdim τ−a,dim τ ) are 0. Then the sum of subspaces∑
a,b∈N
Va ⊗Wb
is a direct sum, and it is also naturally a direct summand of EndK(ψ ⊗W (k) τ).
Then for all m ∈ N, the matrix
(Nψ ⊗ 1 + 1⊗Nτ )m =
m∑
i=0
(
m
i
)
(Nψ ⊗ 1)i(1⊗Nτ )m−i =
m∑
i=0
(
m
i
)
N iψ ⊗Nm−iτ
has its ith summand lying in Vi ⊗Wm−i and therefore its rank is the sum of the
ranks of the matrices in the sum. We ignore the factors
(
m
i
)
(as charK = 0) and
we compute
rk(N iψ ⊗Nm−iτ ) = (rkN iψ)(rkNm−iτ ),
which yields
rk(Nψ ⊗ 1 + 1⊗Nτ )m =
m∑
i=0
(rkN iψ)(rkN
m−i
τ )
which depends monotonically on rkN iψ.

For τ ∈ T, let eτ be the least positive integer such that σeτ ∈ Gτ .
Proposition 3.3.8. For representations ρ : GF` → GLn(K), the conjugacy class
of the monodromy part of the attached Weil-Deligne representation
(a) depends only on the collection of the conjugacy classes of the matrices
(Hom
I
(p)
F`
(τ, ρ)(σeτ ))τ∈T .
(b) depends only on the monodromy attached to (Hom
I
(p)
F`
(τ, ρ))τ∈T ,
(c) the dependence in (b) is monotonic for the product partial order on collec-
tions of conjugacy classes. More precisely, there exists a monotonic func-
tion
F :
∏
τ∈T
Part(rτ )→ Part(n)
such that
F
(
ν
(
Hom
I
(p)
F`
(τ, ρ)
)
τ∈T
)
= ν (ρ) .
Proof. Consider the subgroup U =
⋂
τ∈T Uτ where we take Uτ satisfying Lemma
3.2.1. It is open in IF` as T is finite, and therefore its action determines the
monodromy. We have
ρ =
⊕
τ∈T
Ind
GF`
Gτ
ψ ⊗W (k) τ.
Note that Hom
I
(p)
F`
(τ, ρ)(σeτ ) uniquely determines the inertia part of Hom
I
(p)
F`
(τ, ρ)
which is p-tame. Now Lemma 3.3.7 proves part (a).
For (b) and (c), first note that taking direct sums of matrices preserves the ordering
relation on nilpotent matrices, and we can use Lemma 3.3.7 for each term in the
sum. 
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3.4. Pseudo-framed deformations. We will need the notion of pseudo-framing
from [Hel16a].
Definition 3.4.1 ([Hel16a, Definition 8.2]). For any W (k)-algebra A, a pseudo-
framed representation ρ : GF` → GLn(A) is a representation ρ together with a basis
(bτ,1, . . . , bτ,rτ ) of the free A-module HomI(p)F`
(τ, ρ) (of rank rτ ) for each τ ∈ T. We
equip ρ with a fixed pseudo-framing, and say that a pseudo-framed deformation of ρ
over A consists of pseudo-framed representation ρ with an isomorphism ρ⊗Ak ∼−→ ρ
mapping the pseudo-framing basis of ρ to our chosen pseudo-framing basis for ρ.
Let ρτ : Gτ → GLn(k) be the representation defined by HomI(p)F` (τ, ρ).
Consider the ring
Rρ :=
⊗̂
τ∈TR

ρτ
which parametrises pseudo-framed deformations of ρ, and carries the universal
pseudo-framed deformation
ρ =
⊕
τ∈T
Ind
GF`
Gτ
(ρτ ⊗W (k) τ)
(see [Hel16a, Definition 8.2] and the subsequent discussion).
Moreover, each ring Rρτ is isomorphic to the completion of some Rqτ ,rτ by the
p-tame special case of [Hel16a, Proposition 9.2], where SpecRqτ ,rτ is a moduli space
for pairs of invertible rτ × rτ matrices (Φ,Σ) such that ΦΣΦ−1 = Σqτ . It carries
universal matrices Φ and Σ, and for some aτ depending only on qτ and rτ , the
latter satisfies
Σp
aτ
= 1
by [Hel16a, Proposition 6.2].
We have maps
SpecRρτ → SpecRqτ ,rτ
prΣ−−→ Ar2τ
where the last map corresponds to forgetting Φ and mapping Σ to its matrix coef-
ficients.
Notation. For a point x ∈ SpecRqτ ,rτ , let Σx ∈ Mrτ×rτ (κ(x)) be the matrix
corresponding to prΣ(x).
Proposition 3.4.2. Let µ be any partition of rτ . Then
{x ∈ SpecRqτ ,rτ : ν(Σaτx − 1) ≤ µ}
is a union of irreducible components of SpecRqτ ,rτ .
Proof. First, note that the set in question is Zariski closed since it is the preimage
of the closed subset of Ar2τ . On the other hand, whether x belongs to the set only
depends on the conjugacy class of Σx ∈Mrτ×rτ (κ(x)). By these two facts,
{x ∈ SpecRqτ ,rτ : ν(Σaτx − 1) ≤ µ} =
⋃
x∈SpecRqτ ,rτ
⋃
c∈C(x)
pr−1Σ (Uc)
where C(x) is a certain (possibly empty) set of conjugacy classes of rτ×rτ matrices
over κ(x), and Uc is the locally closed subset of Ar
2
τ ×W (k) Specκ(x) cut out by c.
The third paragraph of the proof of [Hel16a, Proposition 6.2] states precisely that
the Zariski closures of the preimages of these sets Uc are irreducible components. 
Proposition 3.4.3. Let µ be any partition of rτ , and define
Zτ,µ =
{
x ∈ SpecRρτ [p−1] : ν
(
ρρτ ⊗Rρτ κ(x)
)
≤ µ
}
.
Then Zτ,µ is a union of irreducible components of SpecR

ρτ
[p−1]
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Proof. The map i : SpecRρτ → SpecRqτ ,rτ corresponds to a completion of Noeth-
erian rings, and is therefore flat. Thus the preimage of an irreducible component
under i is a union of irreducible components. Together with Proposition 3.4.2, it is
now sufficient to show that
Zτ,µ = i
−1 ({x ∈ SpecRqτ ,rτ [p−1] : ν(Σaτx − 1) ≤ µ}) .
We have
ν
(
ρρτ ⊗Rρτ κ(x)
)
= ν(Σaτx − 1)
since the monodromy of ρρτ ⊗Rρτ κ(x) is, up to a non-zero factor, the matrix
logarithm of the image of the group element σeτaτ under the representation, which
is log(Σaτi(x)). As we can easily verify after conjugation to Jordan normal form over
an algebraic closure, we have ν(logM) = ν(M − 1) for any unipotent matrix M.
Therefore we have ν
(
ρρτ ⊗Rρτ κ(x)
)
= ν(Σaτi(x) − 1), showing the claim. 
For any given partition µ of n, let
Zµ :=
{
x ∈ SpecRρ [p−1] : ν
(
ρ ⊗ κ(x)
)
≤ µ
}
.
and
Z ′µ :=
{
x ∈ SpecRρ[p−1] : ν
(
ρ ⊗Rρ κ(x)
)
≤ µ
}
.
By choosing a pseudo-framing for ρ, we obtain a map Ψ : SpecRρ → SpecRρ.
Ψ establishes a bijection between irreducible components by the discussion on action
of ”change of frame” formal groups after [Hel16a, Definition 8.2] (we use bijections
between the irreducible components of SpecR and SpecR[[X1, . . . , Xr]] for R = R

ρ
and R = Rρ).
Lemma 3.4.4. Zµ = Ψ
−1(Z ′µ).
Proof. It is sufficient to note that the partition ν assigned to a framed and/or
pseudo-framed deformation of ρ is independent both of framing and pseudo-framing.

Proposition 3.4.5. Zµ is a union irreducible components of SpecR

ρ [p
−1].
Proof. By Lemma 3.4.4 and the preceding discussion on Ψ, it is sufficient to prove
that
Z ′µ =
{
p ∈ SpecRρ[p−1] : ν
(
ρ ⊗Rρ κ(p)
)
≤ µ
}
is a union of irreducible components.
For τ ∈ T, let prτ : SpecRρ → SpecRρτ denote the projection map induced by
the completed tensor product description of Rρ. Using Proposition 3.3.8, we have
Z ′µ =
⋃
α
⋂
τ∈T
pr−1τ (Zτ,ατ )
where α = (ατ )τ∈T ∈
∏
τ∈T Part(rτ ) is such that F (α) ≤ µ in the notation
of Proposition 3.3.8. Each Zτ,ατ is a union of irreducible components, and the
intersection distributes over these to write Z ′µ as the union of sets of the form⋂
τ∈T pr
−1
τ (Cτ ) where each Cτ is an irreducible component of SpecR

ρτ
. Each of
these is an irreducible component of SpecRρ[p
−1] by its definition as a completed
tensor product. 
Proposition 3.4.6. Let x be any point of SpecRρ (i.e. we allow κ(x) of charac-
teristic p). Then the set
{µ ∈ Part(n) : x ∈ Zµ}
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contains a unique element which is minimal with respect to the dominance order,
which we call µx.
Proof. If µ is the partition with µ1 = n, then Zµ = SpecR

ρ [p
−1] and (by flatness
over W (k)) also Zµ = SpecR

ρ . Therefore the set of partitions in question is non-
empty. That it has a minimal element follows from Part(n) forming a lattice in the
order-theoretic sense of the term [Bry73]. 
The following is a reformulation of [EH14, Definition 4.5.9] in terms of partitions.
Definition 3.4.7. Let R be a complete, Noetherian, local and flat W (k)-algebra,
and ρ : GF` → GLn(R) be a continuous Galois representation. If q ≤ p ≤ R are
prime ideals, we say that ρ⊗R R/q is a minimal lift of ρ⊗R R/p if
ν (ρ⊗R R/p) = ν (ρ⊗R R/q) .
Theorem 3.4.8. Let p ∈ SpecRρ [p−1]. There is a minimal prime a ∈ SpecRρ
contained in p such that ρ ⊗Rρ /a is a minimal lift of ρ ⊗Rρ /pRρ .
Proof. Let µ be the partition corresponding to the monodromy of ρ ⊗ Rρ /pRρ .
We have p ∈ Zµ, which is a union of irreducible components, one of which must
contain p. Let a be the minimal prime corresponding to this component. The
partition corresponding to the monodromy of ρ ⊗ Rρ /a is, on one hand, not
greater than µ in the dominance order because a ∈ Zµ by assumption. On the
other hand, it is not less than µ since specialization cannot increase the rank of a
matrix. 
4. Comparison with p˜i(ρ)
In this section, we relate p˜i(ρ) to Π˜ρ. Note that these are defined over Rρ and
A = Rρ [[u]] respectively, which causes some technical issues that we have to deal
with.
4.1. Surjection from p˜i(ρ).
Theorem 4.1.1. Let p ∈ SpecRρ [p−1]. There is a surjection
p˜i(ρ)⊗ κ(p)→ p˜i(ρ ⊗ κ(p)).
Moreover, if either [EH14, Conjecture 6.2.7] holds (which is always true if n = 2
or n = 3) or there is a unique minimal prime contained in p, then this is an
isomorphism.
Proof. By Theorem 3.4.8, the minimal lift condition of [EH14, Proposition 6.2.10]
holds and we obtain obtaining a surjection. If p [EH14, Conjecture 6.2.7] holds,
then the second part of [EH14, Theorem 6.2.6] gives an isomorphism. Alternatively,
if p is contained in a unique irreducible component, we can use [EH14, Theorem
6.2.5] directly. 
Lemma 4.1.2. Let p′ ∈ SpecA[p−1] with p = p′ ∩ Rρ . A surjection (resp. iso-
morphism)
p˜i(ρ)⊗Rρ /p→ p˜i(ρ ⊗Rρ /p)
implies the existence of a surjection (resp. isomorphism)
p˜i(ρ)⊗ κ(p′)→ p˜i(Rρ ⊗ κ(p′)).
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Proof. We apply − ⊗ A to both sides and recognise that (Rρ /p) ⊗ A = A/pA is
canonically identified with (Rρ /p)[[u]] to obtain a map
p˜i(ρ)⊗A/pA→ p˜i(ρ ⊗Rρ /p)⊗Rρ /p (R

ρ /p)[[u]],
still a surjection (resp. isomorphism) by right exactness.
The right hand side is (Rρ /p)[[u]]-torsionfree since p˜i(ρ
⊗Rρ /p) is (Rρ /p)-torsionfree
by definition, and also co-Whittaker. Now localising at the prime p′, we obtain a
map
(1) p˜i(ρ)⊗ (A/p)p′ → p˜i(ρ ⊗Rρ /p)⊗ (Rρ /p)[[u]]p′ ,
a surjection (resp. isomorphism) by right exactness. Again, the right hand
side remains torsion-free and co-Whittaker. Note that (Rρ /p)[[u]]p′ is a discrete
valuation ring with residue field κ(p′). We can now apply the uniqueness of
p˜i(ρ ⊗ (Rρ /p)[[u]]p′)
to show that it is isomorphic to the right hand side since they agree at the generic
fibre.
Moreover, ρ ⊗ (Rρ /p)[[u]]p′ is a minimal lift of ρ ⊗ κ(p′) since the nilpo-
tent matrix N attached to ρ ⊗ (Rρ /p)[[u]]p′ has entries lying in the subring
Rρ /p. Therefore, by [EH14, Theorem 6.2.5], there is an isomorphism p˜i(ρ
 ⊗
(Rρ /p)[[u]]p′) ⊗(Rρ /p)[[u]]p′ κ(p
′) ∼= p˜i(ρ ⊗ κ(p′)). Passing to the special fibre in
(1) (which is right exact) and using these isomorphisms on the right hand side, we
obtain a surjection (resp. isomorphism)
p˜i(ρ)⊗ κ(p′)→
(
p˜i(ρ ⊗Rρ /p)⊗ (Rρ /p)[[u]]p′
)
⊗A/pA κ(p′)
∼= p˜i(ρ ⊗ (Rρ /p)[[u]]p′)⊗A/pA κ(p′)
∼= p˜i(Rρ ⊗ κ(p′))
as desired. 
Definition 4.1.3. Let P1 be the subset of P consisting of points lying on only one
irreducible component.
Proposition 4.1.4. P1 is Zariski dense in SpecA. Moreover,
P1 ⊆
{
p ∈ P : p˜i(ρ ⊗A)⊗A A/p ∼= p˜i(ρ ⊗A/p)
}
.
Proof. It is sufficient to prove that P1 is Zariski dense in A[p
−1] since A is flat over
W (k).
Rρ [p
−1] is generically smooth by being a scheme over the spectrum of the perfect
field W (k)[p−1]. Therefore its set of points lying on a single irreducible component
contains an open dense subset U0 (viz. the subscheme of smooth points). Write
φ : SpecA→ SpecRρ for the natural projection morphism. For any prime p0 ∈ U0,
we have an isomorphism p˜i(ρ)⊗Rρ /p0 ∼= p˜i(ρ⊗Rρ /p0) by Theorem 4.1.1. Then
Lemma 4.1.2 implies P ∩φ−1(p0) ⊆ P1, and therefore P ∩φ−1(U0) ⊆ P1. Since φ is
open, φ−1(U0) is open dense. Thus any open U ⊆ SpecA[p−1] intersects φ−1(U0)
in an open set, which must contain a point of P since P is dense in SpecA[p−1] by
Lemma 2.1.1. 
This immediately gives a surjection
(2) Π˜ρ → p˜i(ρ ⊗A)
by Proposition 2.5.2. We will show this to be an isomorphism later.
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4.2. Torsion-free modules and formal power series.
Lemma 4.2.1. Let R be a reduced Noetherian ring and r ∈ R. Then there is some
s ∈ R such that r + s is a regular element (i.e. not a zero divisor), but rs = 0.
Proof. Recall that since R is reduced the set of zero divisors in R is
⋃
a a where a
runs over minimal primes ofR. Fix any r ∈ R and consider the ideal⋂r 6∈p∈MinSpecR p
where MinSpec denotes the subset of Spec consisting of minimal primes.
For q ≤ R minimal prime ideal satisfying r ∈ q, the following holds. Note that
q ∩
⋂
q6⊆p∈MinSpecR
p =
⋂
p∈MinSpecR
p = 0
by reducedness. On the other hand
⋂
q 6⊆p∈MinSpecR p 6= 0 by the uniqueness of
primary decomposition for the ideal 0, as the intersection includes no ideal having
q as its radical. From r ∈ q we have ⋂q 6⊆p∈MinSpecR p ≤ ⋂r 6∈p∈MinSpecR p, and so
q does not contain
⋂
r 6∈p∈MinSpecR p. By this argument for all q containing r, and
using prime avoidance, the ideal
⋂
r 6∈p∈MinSpecR p is not contained in the union of
prime ideals
⋃
r∈q∈MinSpecR q. We choose
s ∈
 ⋂
r 6∈p∈MinSpecR
p
 \
 ⋃
r∈q∈MinSpecR
 .
Then we have rs ∈ ∩p∈MinSpecRp = 0 by reducedness. We also have r + s ∈
R\⋃q∈MinSpecR q as each minimal prime contain precisely one of r and s. Therefore
r + s is a regular element. 
Lemma 4.2.2. Let R be a reduced Noetherian ring and M a torsion-free module
over R. Then annR(m) is a radical ideal for all m ∈ M, or equivalently, M [r∞] =
M [r] for all r ∈ R.
Proof. Take a suitable s for r from Lemma 4.2.1. We have
(r + s)M = rM ⊕ sM
by noting that (r + s)M ≤ rM + sM and that rM ∩ sM = 0 as it is killed by the
regular element r + s. On one hand, we have rM ∼= M/M [r]. On the other hand,
rM has no r-torsion since it has no r+ s-torsion since it is R-torsion-free by being
a submodule of M. This shows M [ri] = M [r] for all i ≥ 1. 
Lemma 4.2.3. Let R be a reduced Noetherian ring, and M an R-torsionfree mod-
ule. Then M [[u]] is R[[u]]-torsionfree.
Proof. Let r =
∑∞
i=0 riu
i be any regular element of R[[u]] with each ri ∈ R, and let∑∞
i=0 rju
j with each mj ∈ M. Since u is a regular element of R, it is sufficient to
prove that rm 6= 0 if m0, r0 6= 0. We first rule out that rimj = 0 for all i, j ∈ N. Since
M is torsion-free and m0 6= 0 by assumption, annR(m0) is an ideal consisting of
zero divisors, hence contained in a minimal prime a by prime avoidance (using that
in a reduced ring, a zero divisor is contained in a minimal prime). In particular,
if ri ∈ annR(m0) for all i ∈ N, then any element of annR(a) annihilates r. As
annR(−) 6= 0 for a minimal prime in a Noetherian ring, this would make r a zero
divisor.
Therefore we can consider the lexicographically first (i, j) ∈ N2 such that rimj 6= 0.
Consider the coefficient of ui+j in rm :
(3) (r0mi+j + · · ·+ ri−1mj+1) + rimj + (ri+1mj−1 + · · ·+ ri+jm0) ∈M
The first group of terms is 0 by our minimality hypothesis on i. The last group of
terms all lie inM [ri] (equal toM [r
∞
i ] by Lemma 4.2.2) by the minimality hypothesis
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on j. But rimj ∈ M \M [r∞i ] as mj 6∈ M [r∞i ] = M [ri] by assumption. Therefore
the expression (3) is non-zero, and thus rm 6= 0. 
Remark. It is not possible to remove the all assumptions on R in this lemma, as
shown by the following example. Consider the ring R = k[[T, T 1/p, T 1/p
2
, . . . ]]/(T )
and the R-module M = k on which T acts by 0. Then M is torsion-free over R (as
each element of R is either invertible or a zero divisor) but M [[u]] is not torsion-
free (or even faithful) over R[[u]] since it is annihilated by the element
∑∞
i=1 T
1/piui
which is not a zero divisor in R[[u]].
Lemma 4.2.4.
p˜i(ρ ⊗A) ∼= p˜i(ρ)⊗A.
Proof. It is sufficient to show that p˜i(ρ) ⊗ A is co-Whittaker and torsion-free, in
which case the uniqueness property of p˜i forces an isomorphism, as they agree on
all irreducible components. The co-Whittaker property is preserved by change of
coefficients by Lemma 2.2.4, and it is torsion-free by Lemma 4.2.3. 
4.3. The isomorphism. We now show the surjection
Π˜ρ → p˜i(ρ ⊗A),
shown to exist in (2), to be an isomorphism by constructing a surjection in the
opposite direction.
For each x ∈ P we have a surjection
W ⊗A κ(x)→ p˜i(ρ ⊗A)⊗A κ(x)→ p˜i(ρ ⊗ κ(x))
where the second map exists by Corollary 4.1.1 and Lemma 4.1.2.
This gives rise to a surjection
γx : p˜i(ρ
 ⊗A)→ p˜i(ρ ⊗ κ+(x))
as in Proposition 2.3.2. We now have maps
W → p˜i(ρ ⊗A) γ−→
∏
x∈P
p˜i(ρ ⊗ κ+(x)).
Using the uniqueness in Proposition 2.3.2, we have
ker
(
W → p˜i(ρ ⊗A) γx−→ p˜i(ρ ⊗ κ+(x))
)
= kerβx
for our βx chosen earlier. Considering images inside the product, we obtain a
surjection
p˜i(ρ ⊗A)→ Π˜ρ.
We wish to prove that this is an isomorphism with its inverse given by (2) up to
an element of A×. Indeed, their composition is a surjective endomorphism of the
co-Whittaker A[G]-module p˜i(ρ⊗A), which belongs to A× by [Hel16b, Proposition
6.2], and is therefore an isomorphism.
Theorem 4.3.1. There are isomorphisms
p˜i(ρ ⊗A) ∼−→ Π˜ρ
and
p˜i(ρ) ∼−→ Π˜ρ/uΠ˜ρ.
Proof. The first isomorphism results from the immediately preceding discussion.
The second isomorphism then follows from the first and Lemma 4.2.4. 
We obtain the following corollaries.
Corollary 4.3.2. Π˜ρ is torsion-free over A.
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Corollary 4.3.3. Recalling the definition of Π˜ρ as a submodule of a product over P ,
the map induced by the natural projection Π˜ρ →
∏
q∈P1 p˜i(ρ
 ⊗ κ+(q)) is injective.
Proof. This is immediate from Theorem 4.3.1 and Lemma 2.5.1. 
We conclude with the proof of Theorem 1.3.2.
Proof. Theorem 1.3.1 and our assumption together give a surjection in one dir-
ection, so it is enough to find a surjection from Π˜DVR(ρ ⊗ Rρ /p) ⊗ κ(p) to
p˜i(ρ ⊗ κ(p)). Let p′ ∈ P be a prime lying over p. We then have κ(p) = κ(p′).
Let S ∈ QDVRk be any proper quotient of κ+(p). Then we have a composite map
Rρ /p ↪→ κ+(p′)→ S,
and ρ⊗κ+(p′) is a lift of ρ⊗Rρ /p⊗S. Recalling the definition of Π˜DVR,u(ρ⊗
Rρ /p) as a universal co-Whittaker cover, it must admit a surjection
Π˜DVR,u(ρ ⊗Rρ /p)→ p˜i(ρ ⊗ κ+(p′))
because it admits a surjection to all p˜i(ρ ⊗ κ+(p′))⊗κ+(p) S.
The above surjection must factor through Π˜DVR,u(ρ ⊗ Rρ /p) ⊗Rρ [[u]] κ
+(p′) as
its target is a κ+(p′)-module. Localising both, we obtain a surjection
Π˜DVR,u(ρ ⊗Rρ /p)⊗Rρ [[u]] κ(p
′)→ p˜i(ρ ⊗ κ(p′)).
Noting that the map
Π˜DVR(ρ ⊗Rρ /p)⊗Rρ κ(p)→ Π˜
DVR,u(ρ ⊗Rρ /p)⊗Rρ [[u]] κ(p
′)
is an isomorphism (as κ(p) = κ(p′)), the last surjection becomes
Π˜DVR(ρ ⊗Rρ /p)⊗Rρ κ(p)→ p˜i(ρ
 ⊗ κ(p)).

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